Abstract. Let F be a nonarchimedean local field of residue characteristic p, and let r be an odd natural number less than p. Using the work of Moy and Tadić, we find an element z of the Bernstein center of G = GL 2 (F ) that acts on any representation π of G by the scalar z(π) = tr Frob; (Sym r •ϕ π )
Introduction
Let F be a nonarchimedean local field of residue characteristic p, and let o ⊂ F denote its ring of integers. Let G denote the group GL 2 over F , and let G = GL 2 
(F ). Let Z = Z(G) denote the Bernstein center ([2]) of G.
Recall that elements of Z may be viewed as essentially compact invariant distributions on G, or equivalently, as regular functions on the Bernstein variety Ω(G) of G.
Let r :Ĝ → GL(V ) denote a representation of the Langlands dual groupĜ of G. We consider the following function z r on Ω(G). Let π be a supercuspidal representation of M = M(F ), for a Levi subgroup M of G, and ι :M →Ĝ the associated inclusion of Langlands dual groups. Let ϕ π : W F →M denote the Langlands parameter for π, W F denoting the absolute Weil group of F . Since G is a general linear group, any subquotient of the representation Ind Let r denote a natural number. Associated to r we have the r-th symmetric power representation r = Sym r :Ĝ → GL r+1 (C). As per the above paragraph, attached to this r is an element z r = z r ∈ Z, and thence corresponding to any compact open subgroup K of G, an element f r,K ∈ C ∞ c (G). When K is a hyperspecial (respectively, parahoric) subgroup of G, the values of f r,K can be obtained from the Satake (respectively, Bernstein) isomorphism. For K belonging to the congruence filtration of open compact subgroups of G, the function f 1,K has been explicitly described by P. Scholze in Section 14 of [9] . In this note we take r to be an odd natural number smaller than the residue characteristic p of F , K to be K B := 1 + B for a lattice B ⊂ M 2 (o) satisfying some reasonable assumptions (Hypothesis 2.1), and compute f B := f r,K B . For this we most crucially rely on the methods of A. Moy and M. Tadić in [6] . Moy and Tadić have developed techniques to construct elements belonging to the Bernstein centers of reductive groups over nonarchimedean local fields. In [6] they give a method to construct all elements supported in any given connected component of the Bernstein variety. Their algorithm lets us explicitly construct these elements whenever we understand the characters of the representations belonging to this component well enough to integrate certain functions constructed out of them. This is the case in the situations of interest to us in this paper. Moy and Tadić also explain the sense in which elements of the Bernstein center that are supported on a single component form building blocks for more general elements. For our purposes, this comes down to convolving the distributions we get via the Moy-Tadić algorithm with ch K B , and summing the resulting functions.
The results of our computation of f B are stated in Theorem 6.1, the main result in this paper. We do not repeat it here since the description of this function is somewhat lengthy. If val : F → Z is the discrete valuation on F , it will turn out that f B is supported on the set of g ∈ G such that val det g = r. Some factors entering into the description of f B (g) are b := val tr g, k B,g := min{val tr gx | x ∈ B}, and another term denoted l ab (g), which depends on b, and, roughly speaking, generalizes the function l(g) = val(1−tr g +det g) entering into the description of f B in Section 14 of [9] (where the case r = 1 is considered).
For those groups K in the congruence and the Iwahori filtrations of depth (as per the Moy-Prasad normalization) at least one, we recover the functions obtained by Scholze as a special case.
We briefly indicate in this paragraph why one might be interested in such functions f r,K . For this paragraph alone, we use notation from Section 11 of [4] . In certain instances (i.e., for certain more general G, certain compact subgroups K ⊂ G and certain representations r ofĜ), a certain constant multiple φ r (the subscript r here, used to make notation consistent with [4] , is not the integer r referred to in the rest of this note) of the function f r,K has been observed to figure in an equation of the form:
In particular, the left-hand side, known as the semisimple Lefschetz number, is the sum of semisimple traces of Frobenius acting on stalks of a certain nearby cycle sheaf RΨ(Q l ) attached to an o-model for a Shimura variety associated to G. The representation r comes from the Shimura datum defining the Shimura variety. For exposition on this material, we refer the reader to [4] , and for some related concepts regarding Shimura varieties with bad reduction we refer the reader to [8] . When K is a hyperspecial subgroup of G, this equation has been proved by Kottwitz; see [5] . When K is an Iwahori subgroup of G, the equation has been proved by T. Haines and B.C. Ngô in [3] . For GL 2 over unramified extensions of Q p , and arbitrary K belonging to the congruence filtration, Scholze has proved the equation in [9] , for his implementation of the Langlands-Kottwitz method for the modular curve. We should also mention that in the context of Shimura varieties, the representations r that arise correspond to miniscule coweights, unlike the odd symmetric powers considered in this note (except for the standard representation). Nevertheless, this restriction does not apply to their function field analogues, so one might hope that these computations might be of some use. In addition, one may also hope that our computations might give some rough preliminary insights into the nature of these very interesting functions f r,K in general.
The organization of this note is as follows. In Section 2 we set up some notation, and state and discuss the restrictions we impose on B. Then we recall that one can, as in [6] , write z r = z r,Ω , the summation being over the connected components Ω ⊂ Ω(G), and each z r,Ω denoting the element of Z supported on Ω and equalling z r on it (here, note that although infinitely many of the z r,Ω will be nonzero in general, the sum z r,Ω makes sense as a distribution on G since for any given ϕ ∈ C ∞ c (G), only finitely many of the z r,Ω (ϕ) will be nonzero). Each such z r,Ω can be realized by a locally integrable G-invariant function f r,Ω on G. We describe in the light of this as to why f B is just the sum of the contributions f r,Ω * ch K B from the various components Ω ⊂ Ω(G), doing in particular some preliminary set up for analyzing contributions from the principal series components. In Section 3 we prove that the supercuspidal components do not contribute to f B . In Section 4 we analyze contributions from certain principal series components Ω ⊂ Ω(G), and in Section 5 we treat the remaining components. In both cases, the f r,Ω 's can be obtained by adapting the computations of [6] and [7] , from the case of SL 2 treated by Moy and Tadić, to the case of GL 2 . However, at least in Section 5, convolving them with the measure-normalized characteristic function ch K B of K B has needed a little bit of work. Finally, in Section 6 we put things together, computing f B by adding up the contributions f r,Ω * ch K B from the various components Ω.
We have made use of the assumptions on r (being odd and less than p) in ruling out contributions from components Ω consisting of supercuspidal representations. The assumption that r is odd is crucial in Sections 4 and 5 as this ensures that for the principal series components Ω featured there, f r,Ω is supported on elements of G well away from the singular set. In Section 5, this assumption also enables one to approximate a factor in f r,Ω using the trace function, thereby avoiding reference to eigenvalues (see equation (5.4)), which helps us crucially in performing the convolution with ch K B . That r is less than p is also used in Section 6, in getting closed expressions for terms like l ab (g) that go into the expression for f B (g), for g ∈ G. It is not clear to the author if the techniques here can in any way be adapted to deal with groups of higher rank. Doing so would involve integrating functions involving supercuspidal character values near the identity and on the so called "bad shell" (even when r = 1, one would have supercuspidal representations of Levi subgroups figuring in). Moreover, it might not be possible to adapt the aforementioned trick of expressing the f r,Ω 's of Section 5 using traces, since it is only for GL 2 (F ) that the trace of an element gives so much information about its conjugacy class.
Setup
As in the introduction, let F be a nonarchimedean local field of residue characteristic p, o ⊂ F its ring of integers, p the maximal ideal of o, and a uniformizing parameter. Let val : F → Z denote its usual discrete valuation, and let |·| = q − val(·) , with q = #(o/p), denote the usual norm on F . Let W F denote the absolute Weil group of F and I F ⊂ W F the inertia group.
Let G denote the group GL 2 over F . Let B denote its Borel subgroup consisting of upper triangular matrices, and A its maximal torus consisting of diagonal matrices. We will write GL 2 , G and A for GL 2 (F ), G(F ) and A(F ), respectively. tr and det will stand for the trace and determinant functions on G, respectively. Let Z = Z(G) denote the Bernstein center ( [2] ) of G. We follow [1] in giving G the measure that gives GL 2 (o) volume 1, except that when we integrate over the compact set K B considered later below, we give K B its normalized Haar measure. There will not be any confusion between these choices at any point. Without further mention, we will identify A with F × × F × in the obvious fashion, so whenever we write (α, β) for an element of A, we will be referring to the diagonal matrix with α ∈ F × and β ∈ F × in the upper left and lower right corners, respectively. Whenever we write an element of F × as a o it will be implicitly assumed that a ∈ Z and that o ∈ o × . Let r be an odd natural number with r < p. Let B be a lattice in M 2 (F ) such that K B := 1 + B is a subgroup of GL 2 (F ). We will be considering the measure on K B giving it volume 1. For any g ∈ G, let k B,g and m B be the integers such that the fractional ideals
respectively. We make the following assumptions on B.
Hypothesis 2.1. We assume that K B := 1 + B is a subgroup of GL 2 (F ), and that:
(ii) B is small enough so that m B > 0, and so that for all
where I 2 denotes the two by two identity matrix and
Remark 2.2. Suppose B is of the form B n := n M 2 (o) for some n ∈ N, or of the form:
for some n ∈ N \ {1} and lattice chain L = {L j } j∈Z . We claim that B satisfies (i)-(iii). First note that any lattice chain L may be G-conjugated to the standard lattice chain L 0 . Therefore, to prove (i)-(iii) for B of the form B L,n as above, it suffices to treat the case where L = L 0 . Moreover, we have an explicit description for B L 0 ,n :
Thus, we may and do assume that B = B n for some n ∈ N or B L 0 ,n for some n ∈ N \ {1}. Then (i) follows from the observation that whenver x ∈ B, the element (tr x, tr x) ∈ A also lies in B.
(ii) is straightforward given the explicit description of B L 0 ,n , and (iii) follows from
Another way to see this would be to note that lattices of the form B n (n ∈ N) as well as those of the form B L,n (n ∈ N, n > 1) are Moy-Prasad lattices of the form g x,r for some x in the Bruhat-Tits building of G and some r ≥ 1. One can still prove (i) the same way as above, while (ii) would follow from, say, choosing coordinates for an appropriate apartment and making an easy computation by hand, and (iii) would follow from the dual of g x,r being g 104 SANDEEP VARMA Notation 2.4. For any character λ of o × , we denote by f (λ) the conductor of λ, so f (λ) is the smallest n ∈ N ∪ {0} such that λ is trivial on U n , where
Now we describe the plan of our computation. Let f sc,B denote the sum of all f B,Ω as Ω varies over the components of Ω(G) that correspond to supercuspidal representations of G. We will show in the next section that:
by showing that f Ω = 0 for all components Ω consisting of supercuspidal representations of G.
To proceed further, let us recall how Bernstein components consisting of principal series representations of G are indexed by unordered pairs of characters of o × . For convenience, we will often implicitly treat characters of o × also as characters on the whole of k × , by declaring them to be trivial on . Given characters μ, ν of o × and s 1 , s 2 ∈ C × we define π μ,ν,s 1 ,s 2 to denote the representation of G, unitarily induced from the character of B that equals the character:
on A. Then the Bernstein component corresponding to an unordered pair/multiset consisting of characters {μ, ν} of o × may be identified with . Then as representations of W F ,
Therefore, for any geometric Frobenius element Frob ∈ W F , and any
We will need to treat the cases μ = ν and μ = ν separately. If μ = ν = λ, say, we let z λ be the element of Z supported in the Bernstein component of the multiset {λ, λ}, and acting on the subquotients of π λ,λ,s 1 ,s 2 by s 
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Let f μ,ν,a,b be the locally integrable function as in [6] that realizes the distribution z μ,ν,a,b .
From Lemma 5.1 below it will follow that f B,Ω = 0 for almost all components Ω ⊂ Ω(G), so that f B is simply the sum of all f B,Ω 's. Then from equations (2.2) and (2.3) it will follow that:
In other words,
and f
where f
(whenever we refer to f
, it will be understood that b ∈ Z ∩ [0, r] and that a = r − b).
3.
Proving that supercuspidals do not contribute 3.1. Ruling out the exceptional supercuspidals. Even without our assumptions on p, the assumption that r is odd enables us to prove that the exceptional supercuspidal representations do not contribute to f B . In this subsection we give this proof. Let π be an exceptional supercuspidal representation of G, and ϕ π : W F → GL 2 (C) an associated Langlands parameter. We wish to prove that the restriction of Sym r •ϕ π to the inertia group I F ⊂ W F does not contain the trivial representation. Since π is exceptional, the image of 
Let us denote the representation space of Ind Note. Another way to see this is to make computations following [6] , upon which it will follow that the contribution of the Bernstein component consisting of the repre- 
However, since E/F is ramified, the order of any nontrivial continuous character of E 1 cannot have any factor other than 2 and p. Since a − b is both odd and relatively prime to p (as r < p), it follows that λ is trivial on E 1 , which cannot be the case as π is supercuspidal.
Thus, we have proved equation (2.2).
Unramified principal series components
Let λ be any character of o × with λ r = 1. The Bernstein component of (λ, λ) can then be identified with 
Now we apply the usual Plancherel inversion formula in Remark 2.17 of [2] . We follow the more explicit form given in equation (2.4.3) of [6] , except that we use notation from Theorem 2.1 of [1] . Thus, we get that for all ϕ ∈ C ∞ c (G):
, λs
, λs Here, the choice of measures is justified by the discussion in the latter half of Page 31 of [1] . The 2 in 2ds/s comes from the normalization of measures in [11] (see the last sentence of page 239 there), which [1] follows. We are also using that the various St λ,s are all pairwise distinct, and this well-known fact may be seen either from Langlands parametrization or the character of St λ,s , recalled later.
μ G|G , c G|G and γ G|G are trivial. The formal degree of the usual Steinberg representation, and hence of each St λ,s , with respect to the measure we have chosen is (q − 1)/2 (see, e.g., page 28 of [1] ). Moreover, γ(G|A) = (q + 1)/q and c(G|A) = 1 (e.g., equations (3) and (4) of [1] ). From Theorem 4.5 of [1], we have:
Plugging the formulas summarized into the above paragraph and the formulas for z λ (π λ,λ,s 1 ,s 2 ) and z λ (St λ,s ) into equation (4.1), we get:
by Fubini's theorem. We thus have a locally integrable function f λ,λ = f λ,λ + f λ,λ that realizes the distribution z λ on G, where for all g ∈ G, f λ,λ (g) equals:
When λ is the trivial character of o × (denoted 1 for convenience), the functions f λ,λ , f λ,λ and f λ,λ will be denoted by f 1 , f 1 and f 1 respectively. Since for all g ∈ G we haveΘ λ,λ,s 1 ,s 2 
Therefore, we now turn our attention to computing f 1 by evaluating f 1 and f 1 separately.
We compute f 1 first. Without loss of generality, we may take the values of our character functions to be zero on nonregular elements.
It is well known, and an easy consequence of Theorem 3 (ii) of [10] together with the realization of the Steinberg representation as a quotient of a certain induced representation by the trivial representation, that for regular semisimple g ∈ G we getΘ
(here for any S ⊂ G, we denote by G S the set of G-conjugates of elements of S; recall also that by the notational convention we are following, k 1 , k 2 ∈ Z and o 1 , o 2 ∈ o × in the above equation). Thus, f 1 (g) equals 0 if g is singular or val(det g) = r. If val(det g) = r (so g is regular semisimple as r is odd), then f 1 (g) equals
if g elliptic regular, and
Note that since r is odd, if val(det g) = r, then g is conjugate to a diagonal matrix if and only if tr g ∈ p r/2 . Therefore we may write for regular semisimple g:
Now we turn to f 1 (g). Recall from Theorem 3 (ii) of [10] that for g ∈ G,
Hence for regular semisimple g, equation (4.2) gives that f 1 (g) = 0 unless g is conjugate to some (
. Therefore, we fix such a g and a corresponding k 1 , k 2 , o 1 , o 2 from now, until and including equation (4.5) below. Since (
are conjugate, we may and do also assume without loss of generality that k 2 ≤ k 1 . From equation (4.2) and using the change of variables s 2 = ss 1 in the second step below:
Integrating over s 1 , this is 0 unless k 1 + k 2 = r, which we assume from now on. Then r being odd,
where for all l ∈ Z, I l denotes the integral defined in equation (3.6.3) of [6] (also see the computation just after equation (3.6.4) of the same reference). Using k 1 + k 2 = r and the obvious relation
From equation (3.6.5) of [6] and from [7] , we have for all l ∈ Z,
Therefore, we get
Simplifying, we get
We rewrite this as
Recalling that f 1 = f 1 + f 1 , we get that for an arbitrary regular semisimple g ∈ G, f 1 (g) = 0 unless val(det g) = r, in which case we have
Now we turn to f λ,λ * ch K B , for a given character λ of o × with λ r = 1. Since r is relatively prime to q and since λ r = 1, λ has conductor 1, and hence by (ii) of Hypothesis 2.1, λ(det 1 + x) = 1 for all x ∈ B. Thus, we have
(see Notation 2.3) and it is the integral (4.8)
that we will be concerned with.
First, this integral is clearly 0 if val(det g) = r, so assume this to be the case. Then we have three cases: is a surjection from B to p k B,g and is, moreover, the composition of a translation in p k B,g and a homomorphism of topological groups. Therefore, if p k B,g is given the normalized Haar measure, then for any measurable
has the same measure as U . Therefore, if for the time being μ B denotes our normalized Haar measure on B then
which, setting j 0 = max(0, k B,g ) for convenience, is equal to 
To interpret the above equation, recall that for a character λ of o × , we view it as a character of F × through x → x/ val x . Also, in the above equation there is some overlap between the cases involved, but the corresponding formulas are clearly compatible. , νs 
, following the inversion formula cited around equation (4.1),
, νs
In particular, f μ,ν,a,b is supported on regular elements in G A, the set of elements of G conjugate to some element of A. For g conjugate to (
Therefore,
This is zero unless (k 1 , k 2 ) is either (a, b) or (b, a) (these two are "Weyl-conjugate" cases). From now we assume this to be the case, so let g be conjugate to some
2 ), where for convenience we have written c μ,ν,a,b for (q + 1)q
We once again take B to be a lattice in M 2 (F ) satisfying Hypothesis 2.1, and wish to find, for g ∈ G,
Hypothesis 2.1 (i) gives that, for g conjugate to some ( 
as we are assuming μ = ν), so for all x ∈ B we have, apart from val det g x = r, also that tr g x = b and k B,g x = k B,g . This means that we may only need to prove the assertion of the lemma for those g ∈ G such that val tr g = b and val det g = r.
Moreover, in the case where 
2 ). Fix such a g for the time being, and pick (λ 1 , λ 2 ) ∈ A conjugate to g, with val(λ 1 ) = a and val(λ 2 ) = b. Note that for all x ∈ B, f μ,ν,a,b (g x ) equals 0 unless g x is conjugate to some (
Our key step will be to prove that if g x , for some x ∈ B, is conjugate to an element of the form (
To prove this, suppose Then, changing variables x → x + x 0 , we would get that 
